Abstract-The electric power industry often uses cost/benefit analysis to evaluate system expansion projects. This letter discusses a probabilistic formulation of cost/benefit analysis to incorporate uncertainty in the data used for these studies. A Gaussian statistical model is used and an example is shown relating to distribution engineering.
D
ECISIONS relating to the expansion of assets in power transmission and distribution engineering often include a cost to benefit analysis [1] , [2] . Many parameters in the monetization of cost and benefit are uncertain, and it appears useful to include the uncertainty in the analysis. In this letter, an approach to modeling cost and benefit uncertainty in the calculation of 'payback period' is illustrated. For this purpose, the payback period Y of a given investment is defined as the ratio C/B where C is the total investment cost and B is the total annualized benefits in dollars per year. Examples of advantages of the probabilistic formulation include the calculation of confidence in the expected payback period and conditional probabilities of exceeding a specified duration of payback.
II. PAYBACK PERIOD MODELED AS A RATIO DISTRIBUTION
The payback period Y is related to the total investment C and annualized total monetary benefits B as a ratio,
If C and B are random variables modeled as arbitarary probability densities, it is possible to calculate the probability density of Y using the classical technique of 'functions of two variables' as shown in [3] . Alternatively, samples of C and B may be pseudorandomly generated, and Monte Carlo simulation may be used to find samples of Y [4] . A third alternative is based on an often used assumption that variates C and B are gaussianly distributed. This assumption is loosely based on the weak form of the central limit theorem (CLT) [3] . Unfortunately, the requirements of the CLT are not clearly met by the assumptions of the cost benefit problem formulation (the main requirements of the CLT are that the variates are the sums of a large number of random variables that are independent and identically distributed). Examining the issue of how well C and B are modelled as gaussian, one notes that: 1) Experimentation in real applications shows that resulting probability density calculations of Y are not highly sensitive to deviations from the normal density model for C and B 2) Engineers are familiar with the assumption of normal distribution, and consequences of this assuption may be managed 3) It is better to examine the cited assumed probabilistic formulation, albeit in an approximate way, rather than ignore the uncertainty. Nonetheless, a recognized shortcoming of the concept of probabilistic cost/benefit analysis is the accuracy of the statistical modeling of C and B. For this reason, the statistical cost/benefit analysis is offered only as a tool in addition to other engineering considerations and constraints in transmission and distribution project studies.
III. MODELING THE RATIO DISTRIBUTION IN TERMS OF CORRELATED GAUSSIAN VARIATES
The probability density function of Y as a function of the densities of C and B was given by Hinkley [5] in 1969 for the statistically correlated Gaussian case as (in modern notation appropriate to this application, using ρ to denote the correlation coefficient between C and B),
where the error function (erf) is given (as in Matlab) as
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See http://www.ieee.org/publications standards/publications/rights/index.html for more information. μ C = 3.3 * 10 6 $ σ C = 281,047 $ * Total cost quoted, not per unit. †The project used in the example is similar to the "FREEDM" distribution system described in [6] . and using price trends as best as possible. And in the case of benefits, using projections of annual benefits are used. In the case of zero standard deviation, (2) regresses to the simple formulation of the deterministic cost/benefit analysis. The calculation of the statistical correlation ρ is largely due to the nonstationarity of the statistical C and B data: this may be attributed to 'cost of money' and inflation. It is useful to either estimate the correlation coefficient or to perform studies in which ρ varies over a specified range.
IV. APPLICATIONS IN TRANSMISSION AND DISTRIBUTION ENGINEERING
Once the probability density of Y is estimated using (2), it is possible to calculate various statistical parameters of Y to evaluate confidence in the mean value of Y (for example). The mean and variance of Y are readily found as,
and conditional calculations are also numerically found, e.g., the expected value of Y given that Y ≥Ȳ ,
As an example, consider a distribution project that has five key investment costs as shown in Table I , and projected annual benefits as shown in Table II In this example application, the cost and benefit data are modelled as correlated gaussian variates, and (2) is used to calculate the probability density of the payback period. The results are shown in Fig. 1 for a range of values of the correlation coefficient ρ. For this example, the mean, standard deviation, and probability that the payback time is greater than 12 years are shown in Table III . The conditional probability Pr{Y ≥ 18|Y ≥ 12} is also tabulated as a measure of the probability of an extreme event (i.e., a very long payback time). Probabilistic measures such as these are not easily found in deterministic cost/benefit analyses.
V. CONCLUSION
A conclusion of this letter is that it is possible to formulate the cost/benefit analysis of an engineering project in probabilistic terms. The case of correlated variates 'cost' and 'benefit' are calculable for the case of the gaussian approximation of C and B. The payback period becomes a random variable of calculable statistics in this case. Various measures such as the conditional expectation of the payback period given specified conditions on C and B are calculable.
